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Fig. 1. We introduce automatic boundary sampling for discontinuities in di�erentiable shaders. Given a shader that renders a piecewise-continuous output, we
first transform it into a surrogate, piecewise-constant shader (shown on the le�). This transformation enables our method to sample jump discontinuities by
evaluating the shader along randomly selected line segments. We call this approach segment snapping; it removes the need for specialized boundary-sampling
routines, which are tedious to implement and o�en ill-defined. Our method unlocks a variety of new applications (shown on the right).

We present a novel method to di�erentiate integrals of discontinuous func-

tions, which are common in inverse graphics, computer vision, and machine

learning applications. Previous methods either require specialized routines

to sample the discontinuous boundaries of predetermined primitives, or

use reparameterization techniques that su�er from high variance. In con-

trast, our method handles general discontinuous functions, expressed as

shader programs, without requiring manually speci�ed boundary sampling
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routines. We achieve this through a program transformation that converts

discontinuous functions into piecewise constant ones, enabling e�cient

boundary sampling through a novel segment snapping technique, and accu-

rate derivatives at the boundary by simply comparing values on both sides

of the discontinuity. Our method handles both explicit boundaries (polygons,

ellipses, Bézier curves) and implicit ones (neural networks, noise-based func-

tions, swept surfaces). We demonstrate that our system supports a wide

range of applications, including painterly rendering, raster image �tting,

constructive solid geometry, swept surfaces, mosaicing, and ray marching.

CCS Concepts: • Computing methodologies→ Rendering; •Mathemat-

ics of computing→ Di�erential calculus.
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1 INTRODUCTION

A wide class of inverse problems in graphics, vision, and machine

learning can be solved by computing the derivative of integrals:

∇\ ∫Ω 5 (G, \)dG . Traditional automatic di�erentiation methods can

produce incorrect results when the integrand 5 is discontinuous,

since they ignore the Dirac delta distribution that arises from di�er-

entiating step discontinuities, which needs to be integrated. We call

this integral over Dirac delta a boundary integral since it integrates

over the boundary of the discontinuities. In this work, we propose a

new method for numerically estimating the derivative of integrals

that enables us to derive an automatic di�erentiation method that

is applicable to an extremely wide range of problems (Fig. 1).

The boundary integral requires a di�erent numerical estimator

than the original integral and can be challenging to evaluate. For

sampling, the Monte Carlo estimator needs to be aware of the deci-

sion boundaries. The di�erentiable rendering literature has exten-

sively studied Monte Carlo estimators for computing derivatives of

discontinuous functions under integral sign [Li et al. 2018, 2020; Ban-

garu et al. 2020; Loubet et al. 2019; Zhang et al. 2020]. However, these

estimators are specialized to particular rendering problems and are

not straightforward to generalize outside of the original problem

setting. Even handling programmable shaders with discontinuities

in existing di�erentiable renderers can be very challenging [Zhao

et al. 2020]. Recently, a class of di�erentiable programming lan-

guages emerged that generalizes these derivative estimators to a

broader class of problems [Bangaru et al. 2021; Michel et al. 2024;

Yang et al. 2022]. However, these languages are either still restricted

by the class of programs that can be di�erentiated, require extensive

user guidance on the sampling routines, or introduce non-negligible

approximations to the derivative computation.

We propose a general automatic di�erentia-

tion algorithm that “just works” with discontinu-

ities, as long as the decision boundary itself is dif-

ferentiable. We implement our algorithm inside

a standard shader programming language [Ban-

garu et al. 2023]. We focus on low-dimensional

integrals (2D or 3D). Our method is based on

two key components that go hand-in-hand. The �rst is an auto-

matic shader transformation (right inset) that turns a piecewise

continuous shader into a piecewise constant one.

The shader transformation enables our

second key component, segment snapping

(left inset), to perform automatic bound-

ary detection by randomly sampling line

segments in the integration domain, and

checking whether the two end points are in

the same region. Once we obtain the bound-

ary samples by a bisection search along the segments, we perform

kernel density estimation to compute the probability density of the

samples for Monte Carlo integration. Moreover, the appropriate

di�erence in function values on both sides can be computed simply

by comparing values on both sides of the branch in the shader pro-

gram. Our method is theoretically consistent, enjoys low variance,

and scales to complex decision boundaries with a large number of

conditions. Our program transformation fully happens at compile

Fig. 2. Taxonomy. Previous work in boundary derivative computation can
be classified into two approaches: boundary sampling and area sampling.
Boundary sampling methods achieve high accuracy with fewer samples
(red points) but are limited by their requirement for specialized sampling
routines. In contrast, area sampling methods o�er greater generality in the
functions they can di�erentiate, but require higher sampling rates to do so.
Our method eliminates the need for specialized routines while maintaining
the e�iciency of boundary sampling, making it applicable to a broader range
of discontinuous functions.

time. It preserves the original program structure, which facilitates

modularity [Michel et al. 2024] while maintaining e�ciency. The

generality of our method unlocks a wide range of applications that

were not possible before.

Our contributions are:

● A program transformation that converts discontinuous shaders

into surrogate shaders with piecewise-constant outputs, en-

abling reliable detection of parametric discontinuities.

● A segment snapping approach that enables boundary sam-

pling for general discontinuous functions without requiring

specialized sampling routines.

● A practical implementation in SLANG.D that allows users

to write discontinuous shaders with automatic derivative

computation.

● Applications including non-photorealistic rendering, inverse

rendering with a diverse set of primitives, shadow art, and

inverse brush design. (Fig. 1).

2 RELATED WORK

We review the di�erent types of numerical methods in the context

of computing the derivative (with respect to \ ) of a discontinuous

function 5 (G, \) after integration (with G ) given by ∇\ ∫Ω 5 (G, \)dG .

Fig. 2 shows an illustration of di�erent classes of methods. The

two main categories of methods are area sampling and boundary

sampling: area sampling methods place samples across the entire do-

main, and boundary sampling methods place samples at the decision

boundaries.

Automatic di�erentiation of non-di�erentiable functions. Auto-

matic di�erentiation [Griewank and Walther 2008] has been proven

to be correct almost everywhere if the function itself is di�erentiable

ACM Trans. Graph., Vol. 44, No. 6, Article 209. Publication date: December 2025.
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almost everywhere [Lee et al. 2020; Kakade and Lee 2018]. However,

these analyses do not consider distributional derivatives [de Amorim

and Lam 2022] that appear when di�erentiating an integral over

discontinuous functions—in such a case, automatic di�erentiation

can lead to incorrect results even when the integral is di�erentiable

everywhere [Bangaru et al. 2021; Lew et al. 2023; Michel et al. 2024].

Intuitively, this is because the conditions inside if statements are

ignored in standard automatic di�erentiation, and these conditions

are required to reason about how the decision boundary moves.

Arya et al. [2022] address di�erentiation of the expectation of dis-

crete randomness using score estimators [Mohamed et al. 2020]

with correlated sampling to signi�cantly reduce variance, but this

method has limited application to reverse-mode automatic di�er-

entiation. Suh et al. [2022] discussed the consequences of ignoring

discontinuities in control applications.

Blurring the discontinuities. A commonly used method to remove

discontinuities in programs is to transform them into smooth grad-

ual changes (Fig. 2b). This has been used to make, e.g., sorting,

di�erentiable [Qin et al. 2010; Berthet et al. 2020]. A few di�er-

entiable rasterizers [de La Gorce et al. 2011; Liu et al. 2019; Laine

et al. 2020] also applied this strategy. For programs, this can be

formulated as a convolution of a discontinuous program over a

smooth function [Chaudhuri and Solar-Lezama 2010; Kreikemeyer

and Andel�nger 2023]. Furthermore, there is a class of derivative-

free optimization methods that blur the discontinuities in parameter

space (\ ) instead of over the integration domain (G ), also e�ectively

removing the discontinuities [Staines and Barber 2012; Rechenberg

and Eigen 1973; Le Lidec et al. 2021; Fischer and Ritschel 2023; Deliot

et al. 2024].

Unfortunately, these methods risk biasing the gradients by chang-

ing the function being di�erentiated. Choosing the blurring strength

automatically is challenging: strong blurring removes details, and

weak blurring leads to sparse derivatives. Derivative-free meth-

ods further face scalability issues when the parameter space is

high-dimensional. Our method does not su�er from these issues by

avoiding blurring altogether, directly sampling the boundary, and

being used in combination with reverse mode automatic di�erentia-

tion [Griewank and Walther 2008].

Boundary sampling. The boundary sampling methods (Fig. 2e)

place samples explicitly on the decision boundaries, directly solv-

ing the boundary integral [Li et al. 2018; Lee et al. 2018]. Existing

boundary sampling methods all require a way to parameterize and

sample on the boundary. For piecewise linear discontinuities, this

can be easily automated [Lee et al. 2018; Bangaru et al. 2021] (Fig. 2f)

However, when the decision boundaries become more complex, it is

often required to design a problem-speci�c parameterization of the

decision boundary. For example, Li et al. [2020] designed specialized

solvers for di�erentiable vector graphics rendering, whereas Zhang

et al. [2020] specialize for path-space di�erentiable rendering. Spe-

cialized adaptive importance sampling strategies [Yan et al. 2022;

Zhang et al. 2023] or Markov-chain Monte Carlo mutation [Xu et al.

2024] have been proposed too. Our method belongs to the boundary

sampling class, but does not require specialized sampling routines

tailored to a speci�c type of boundary. This enables applications

Fig. 3. Discontinuous function and its boundary derivative. The discontinu-
ous function 5 (a) is constructed using a branching operator that selects
between two functions <,= (d,e) based on the sign of a scalar condition
6 (b,c). Formally, 5 is defined as 5 (G,\) = <(G,\) when 6(G,\) > 0 and
5 (G,\) = =(G,\) when 6(G,\) ≤ 0, exhibiting a jump discontinuity at the
boundary defined by the zero level set of 6. When 6(G,\) is di�erentiable
in \ , perturbation in \ induces a change in 5 ’s boundaries (f), pushing them
inwards (red) or outwards (blue). The associated derivative is the boundary
derivative integral m\ �1 Eq. (3).

that were di�cult before, e.g., di�erentiating decision boundaries

encoded by an implicit coordinate neural network.

Area sampling. Since sampling the boundary can be di�cult, some

recent works [Loubet et al. 2019; Bangaru et al. 2020, 2022; Vicini

et al. 2022; Zeltner et al. 2021; Xu et al. 2023] instead convert the

boundary integral back to its original domain by constructing an

appropriate velocity �eld and applying the divergence theorem, or

equivalently, applying a reparameterization of the area integral to re-

move discontinuities (Fig. 2c). The integral in its original domain can

then be estimated without any boundary sampling. Unfortunately, as

we show in the results, the commonly used harmonic-interpolation-

based velocity �elds often su�er from high (and sometimes in�nite)

variance. A-X [Yang et al. 2022], on the other hand, derives an ap-

proximated area sampling solution by sampling on a grid and using

neighboring information to detect boundaries (Fig. 2d). Unfortu-

nately, when the grid sampling frequency is lower than the discon-

tinuities’ frequency, their approximation often leads to signi�cant

bias in the gradient. Our method is boundary sampling based, has

low variance, and is theoretically consistent, and as such, it does

not su�er from these issues.

3 MOTIVATION AND BACKGROUND

We are interested in applications that involve parametric integrals

�(\) with discontinuous integrands, 5 (G, \) ∶ Ω × R
:
→ R

3 :

�(\) = ∫
Ω

5 (G ;\)dG . (1)
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Fig. 4. Overview. Our method automatically samples a discontinuous function’s boundary to estimate the boundary derivative integral, Eq. (3). Starting with a
piecewise-continuous function (a) whose program source code is provided as input, we perform a function transformation to remove its continuous variation
and turn it into a piecewise-constant function (b) in a preprocessing step. We use this function to sample points on the boundary by snapping line segments on
to it (c). Next, we map the boundary samples to their branching operator in code (d), estimate the density of the points on the boundary (e), and evaluate the
integrand on both sides of the boundary (f). Finally, we put all these together and estimate the boundary derivative integral in a single reverse-mode pass (g).

We assume the integration domain Ω to be in a low-dimensional

Euclidean space, i.e., Ω ⊂ R
{1,2,3}. The parameter set \ ∈ R

: is a

vector of arbitrarily large dimension : . Given a set of measurements

(samples of the integrand) for � (e.g., the pixel integral in Fig. 3a), we

wish to recover an optimal set of parameters \ (e.g., the positions

of the enveloped disks). By the Reynolds transport theorem [1903],

the gradient ∇\ � is a sum of two terms:

∇\ � = ∫
Ω

∇\ 5 (G ;\)dG + m\ �1 . (2)

The �rst integral, i.e., interior term, is computed using standard

autodiff. The second term is a boundary integral that is evaluated

over the discontinuities mΩ

m\ �1 = ∫
mΩ

�(G, \)dG = ∫
mΩ
(5 (G+, \) − 5 (G−, \)) m\G⊥ dG . (3)

Estimating the integrand, or boundary derivative

�(G, \), involves three key steps: (i) drawing sam-

ples on the discontinuous boundary mΩ; (ii) e�-

ciently computing the normal component of the

boundary velocity m\G⊥, for all components of \ ;

and (iii) evaluating the integrand di�erence at the

boundary, 5 (G+) − 5 (G−), where the points G± = limn→0+ G ± n=̂

are on either side of the boundary with unit normal =̂.

The main challenge is to formulate an explicit and well-de�ned

routine to draw samples on the boundary mΩ. We propose a method

to address this for a large class of functions, described next.

4 METHOD

We introduce an automatic boundary sampling method to estimate

the boundary derivative integral in Eq. (3). Our method assumes

access to the full program source code that de�nes a discontinuous

function 5 using branching operators (i.e., if-else conditionals).

Figure 3 illustrates how this simple code structure can be used to

identify discontinuities. Our method rests on two key ideas: (i) trans-

form piecewise-continuous functions (Fig. 4-a) into surrogate func-

tions (Fig. 4-b) with piecewise-constant output (§4.2), and (ii) snap

randomly sampled line segments onto the discontinuities using a bi-

section method to detect the boundary (Fig. 4-c, §4.3). We associate

each boundary sample to the corresponding branching operator

(Fig. 4-d, §4.4). Then, we estimate the boundary sampling density

(Fig. 4-e, §4.5), evaluate the integrand on the boundary (Fig. 4-f,

§4.6), and estimate the boundary velocity (Fig. 4-g) to compute the

boundary derivative integral (§4.7).

4.1 Discontinuous integrands and scope

We require that 5 be represented as a directed acyclic graph (DAG)

� = (+ , �), with discontinuities expressed as if-else constructs,

which is a mild requirement that subsumes most practical shaders,

as visualized in Fig. 5b. Our method uses static analysis to identify all

unique branching operations. The evaluation point and parameters

(G, \) act as the source nodes in the graph. The interior nodes can

be of one of the following two types: di�erentiable operations in a

predetermined set D, such as +, ∗, sin, exp, etc.; or discontinuity-

inducing branching operators:

B(G, \) =

⎧⎪⎪⎨⎪⎪⎩
ℎ+(G, \) if 6(G, \) > 0

ℎ−(G, \) otherwise.
(4)

B selects among its two successor nodes ℎ± based on the value of

its scalar predecessor 6, called the boundary function (the discon-

tinuity is at 6(G, \) = 0). B is equivalent to an if-else statement.

To compute the boundary velocity m\G⊥, we require 6(G, \) to be

di�erentiable almost everywhere1, i.e., all nodes in 6’s subgraph

are di�erentiable, and that ∣∣mG6∣∣ > 0. Equivalently, 6’s subgraph

includes no type-B nodes. As 6 is continuous, its zero-level set mΩ

forms a closed curve in 2D (or a closed surface in 3D), which we will

use to detect discontinuities (§4.3). There are no such restrictions

on ℎ±, which allows us to nest B operators (Fig. 5).

Let B8 and 68 be the 8-th B operator and branch function. The set

of discontinuous boundaries mΩ is the union of all locations G such

that 68(G, \) = 0 and B8 is executed:

mΩ = {G ∣ ∨∣B∣
8=1 68(G, \) = 0 ∧ B8 is executed} . (5)

4.2 Piecewise-constant surrogate for boundary detection

The fundamental challenge in detecting discontinuities is that changes

in function values can arise from either continuous variations or

discontinuous boundaries. This ambiguity makes it impossible to re-

liably detect discontinuities by examining only the function values.

Our solution is to derive a piecewise-constant surrogate function

5pc that is a graph-coloring transform of 5 (Fig. 4-b). It preserves the

16 is allowed to be discontinuous on a set of measure zero, as we discuss in §5

ACM Trans. Graph., Vol. 44, No. 6, Article 209. Publication date: December 2025.
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Fig. 5. Piecewise-constant transformation. We transform a piecewise-continuous function (a), represented as a DAG (b), into a piecewise-constant function (e)
through a source-code transformation (c,d) that tracks the result of all branching decisions (if conditions) as the function is evaluated in a ternary vector
(with values ×, 0, 1 corresponding to true branch, false branch and branch not reached).

graph structure (the discontinuity curves mΩ), eliminates continu-

ous variation, and ensures that neighboring regions have unique

identi�ers (Fig. 5). Both functions 5 and 5pc share the same discon-

tinuities, arising from the evaluation paths dictated by a sequence

of branching decisions. Let < be the number of B operators. We

represent the piece-wise constant function output 5pc(G) at a given

point G using a ternary state vector BG = (B8)<8=1, where each element

B8 is de�ned as follows:

B8 =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

× branch 8 not evaluated,

0 predicate of branch 8 evaluated as true,

1 predicate of branch 8 evaluated as false.

(6)

In a single forward program pass, our method tracks each branching

predicate that is evaluated and updates the corresponding element in

the state vector according to Eq. (6). Figure 5 illustrates this process.

Importantly, a single evaluation of 5pc at G is linear in the number

< of branches; unlike A-X , we do not evaluate all branches. Each

continuous region of 5 is uniquely identi�ed by a base-3 integer,

that is: every G in the region, 5pc(G) evaluates to the same state

vector. This transformation removes all continuous variations from

5 , thereby facilitating robust boundary sampling (§4.3).

4.3 Sampling the boundary by segment snapping

We sample the boundary by point-sampling our piecewise constant

function 5pc (Fig. 4c). We can reliably detect when a line segment

crosses a discontinuity by comparing the function values at the

segment’s endpoints (Fig. 6). If these values di�er, we know with

certainty that the segment intersects a boundary. We can then fur-

ther localize the boundary e�ciently using a bisection search.

Initialization. We start with an initial set of line segments uni-

formly distributed over Ω. Each segment is created by generating

a set of strati�ed jittered points over a grid as the �rst endpoint,

then adding a second endpoint at a �xed distance (equal to the ini-

tial grid spacing) in a random direction.2 This grid is used only for

segment initialization, the �nal function evaluation is performed at

2The segment length can also be a random variable U[0, 1/gridsize], which ensures
all points on the boundary are sampled with non-zero probability; in practice we found
this to not be necessary for our applications.

Fig. 6. Segment snapping. Starting with a set of randomly initialized line
segments (le�), we evaluate the piecewise-constant function 5 _?2 at both
of its endpoints. If the values di�er, we know that the segment intersects
a discontinuity, which we localize using bisection search (right). If the
segment crosses multiple discontinuities, we may localize points on multiple
boundaries (right-top). If the values are the same, we discard the segment;
this may miss thin regions, but we have found it to not be a major limitation
in practice.

the boundary after snapping, unlike A-X [Yang et al. 2022], which

operates on the initial regular-grid points.

Bisection search. Now, for each segment, we evaluate 5pc at both

endpoints. If the values di�er, indicating a boundary crossing, we

split the segment at its midpoint and recursively apply the same

process to the two spawned halves. This bisection search continues

until the segment length becomes su�ciently small (typically after

about 15 iterations, reducing the original width by a factor of 2−15),

at which point the midpoint provides an accurate sample of the

boundary location. Figure 6 illustrates this process.

4.4 Branch index detection

After locating points on the discontinuity boundary via segment

snapping, our method determines which B operator de�nes the

boundary through each point (Fig. 4d). This information supports

three tasks: (i) computing boundary velocity through automatic

di�erentiation; (ii) estimating the sample density required by our

Monte Carlo estimator of the boundary integral in Eq. (10); and

(iii) evaluating the integrand on both sides of the boundary.

ACM Trans. Graph., Vol. 44, No. 6, Article 209. Publication date: December 2025.
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Fig. 8. Boundary sampling routine available. In the simple example above, we compute the derivative of the integral of a circle (0 inside, 1 outside) over the
image plane with respect to its radius. Its derivative is mA �1 = −2cA ≈ 2.51, (A = 0.4). All methods compute it fairly accurately at equal sample count: Di�VG [Li
et al. 2020] (derivative = 2.51, not visualized) with its specialized edge sampling routine, discontinuity blurring, WAS [Bangaru et al. 2020], A-X and ours.

Fig. 9. No explicit boundary sampling routine. In this example, the shape above does not have an easily computable boundary sampling routine, so we only
compare with area-sampling methods. Blurring the boundary has a noticably high bias, which can be reduced with a smaller blurring width, at the cost
of increased variance (determining a blurring width that works generally in general se�ings is non-trivial). Warped area sampling (WAS) su�ers from high
variance since the complicated nature of the boundary induces a rapidly changing warp field, including high variance regions in the center away from the
boundary. Both A-X and our method compute high-quality derivatives.

Fig. 10. Insu�icient sampling near multiple discontinuities. For the piecewise-
constant function (a), we compute derivatives of the translation of both
discontinuities (b). Using a 4x4 sampling grid (with additional samples
for segment snapping in our method), we compare di�erent approaches.
Our method achieves accurate sampling and correct derivative signs. A-X
produces zero derivatives due to multiple discontinuities between evaluation
points, while both discontinuity blurring (e) and warped area sampling (f)
yield incorrect signs due to insu�icient sampling near discontinuities.

Fig. 11. Insu�icient sampling near high-frequency continuous variation. When
the integrand has high-frequency variation between the discontinuity and
the evaluation points, A-Delta’s gradient sign can flip. Discontinuity blurring
only samples regions of zero contribution. Both WAS and ours compute
derivatives with the correct sign, but WAS has higher variance.

ACM Trans. Graph., Vol. 44, No. 6, Article 209. Publication date: December 2025.
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Fig. 12. Painterly rendering. Given a target image (le�), we optimize a set of randomly initialized primtives using an !2 loss to produce a painterly renderings.
With 200 circles, all methods capture the rough structure of the target. With 2000 circles, both our method and Di�VG produce painterly renderings with lower
reconstruction error, while A-X does not scale to the large number of primitives (Fig. 13). Unlike Di�VG, our method does not require specialized boundary
sampling routines; it supports non-standard primitives like noise-deformed circles and bezier curves (final two columns) .

Fig. 13. Branching structures. A checkerboard pa�ern (a) is implemented as the sum of the outputs of two binary trees, one along each axis. Each axis has
23 − 1 discontinuities (3 is the tree depth). We compute the derivative with the relative position of all discontinuities and compare its accuracy at di�erent
sampling rates for 3 = 7 in (b). Up until 642 samples, A-X computes zero derivatives because there are multiple discontinuities between all evaluation points
(Fig. 10). A-X runs out of memory at 5122 samples; this could be because it assumes all branches are taken and evaluates all 23 nodes in the tree, irrespective of
whether they are reached. Our method consistently computes non-zero derivatives and converges to the true derivative faster than A-X . Since A-Xtakes all
branches its runtime grows exponentially with 3 , while ours grows linearly. We normalize both method’s runtimes at depth 3 = 1 for visualization purposes;
our method appears to have no increase in runtime up until depth 50 because our runtime is dominated by kernel launch overhead.

5.2 Applications

Next, we show a wide range of applications implemented using

our method. In all code listings, for conciseness, we only show the

piecewise-constant transformation along with the input program

(see Appendix B.2 for the keywords used in the listings).

1 float bilerp_step(float2 x, float* p, int& region) {

2 float s = bilerp(x, theta); // Bilinear

interpolation of grid values in "p"

3 [Disc]

4 if (s > 0.0) { // Step activation

5 if (M_PW_CONST) region = hash(region , 0);

6 return 1.0;

7 } else {

8 if (M_PW_CONST) region = hash(region , 1);

9 return 0.0;

10 }

11 }

Listing 1. We optimize a binary-valued function, constructed by
thresholding a bilinearly interpolated grid, by automatically computing
its boundary derivatives.

5.2.1 Binary function optimization. We �t a binary-valued target

function by optimizing the parameters of a binary-valued discon-

tinuous program which thresholds a bilinearly interpolated grid of

values (List. 1) Since the program is binary-valued, only its bound-

ary derivative is non-zero. When the target is provided as a set of

discrete values (like a raster image), we convert it to a continuous

signal using nearest-neighbor interpolation. We do not have access

to the discontinuity locations of the target.

Figure 14 shows an example �tting a binary raster image. Fig-

ure 15, compares with two baselines, by replacing our threshold with:

i) a ReLU activation (clamped between 0 and 1 as done by Karnewar

et al. [2022]), and ii) a sigmoid activation. We optimize an L2 loss

as an integral over the image space with 1000 steps of the Adam

optimizer, tuning learning rates for each method. This takes about

30 seconds for all methods. As shown by Belhe et al. [2023], the con-

tinuous ReLU and sigmoid activations blur the discontinuity. Our

method extends theirs (for binary functions) to handle the setting

where the discontinuity boundary is not known apriori and can be

optimized. The resulting output is discontinuous by construction

and accurately preserves the target’s discontinuities.
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Fig. 29. Hyperparameter ablations. We show the mean and standard deviation of the absolute error (compared against finite di�erences) of the derivative
of the shape from Figure 9 for our three hyperparameters: (a) the number of segment samples, (b) the number of bisection search iterations for segment
snapping, and (c) the number of neighbors : for kernel density estimation. Our method is consistent and converges to the reference derivative with more
samples (a); a small number of bisection iterations (10 − 15) is typically enough to locate the boundary; kernel density estimation is accurate for 10 < : < 20.

a failure case (e.g., introducing 68(G) = 4−10 into the program), we

have not found it to be a practical issue in our applications.

Sources of randomness. Applications that rely on random num-

bers seed them uniquely for each point in the domain. This seeding

process is discontinuous, breaking the assumption that all discon-

tinuities are expressed as [Disc] if conditions, which limits our

applicability to these settings. Developing program transformations

that can handle these scenarios will unlock several new applications

and is an exciting avenue for future work.

Limitations of implementation. Our compiler produces piecewise-

constant transformation. To enable this transformation, all loops

must have static upper bounds on iterations (as is required by

SLANG.D), no mutable state or side e�ects to global memory, and

no calls to dynamically dispatched functions, as these prevent the

compiler from statically determining the total number of branch

operators and otherwise make the transformation infeasible. Fu-

ture implementations could potentially compute the transformation

dynamically at runtime to avoid these limitations.

Uniform boundary sampling. Since we assume the boundary func-

tions 68 to be continuous, we can cast boundary sampling as a

(zero) level-set sampling problem. We do so by segment snapping

(§4.3) followed by kernel density estimation (§4.5) to account for

non-uniformities. Recent works [Ling et al. 2025; Chiu 2022] have

explored e�cient methods to uniformly sample level-sets through

ray-casting and Markov Chain Monte Carlo. Replacing segment

snapping with them would obviate the need for kernel density esti-

mation and may be an interesting avenue for future work.

7 CONCLUSION

We present the �rst boundary sampling algorithm that can handle

decision boundaries that are not parameterized by the user. Our

method works automatically and requires almost zero user guidance,

on a standard shader programming language [He et al. 2018; Bangaru

et al. 2023]. We show many applications that were not possible

before, due to the lack of a good derivative computation method. We

believe our work is a signi�cant step towards general di�erentiation

methods for arbitrary user-de�ned functions and shaders.
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A KERNEL DENSITY ESTIMATION ON MANIFOLDS

Please see Berry and Sauer [2017] (Section 3 in their paper) for a

detailed treatment of kernel density estimation on manifolds; we

restate the relevant results here for convenience. Our kernel density

estimator (Eq. (7)) computes the density of points on a manifold mΩ

of codimension 1. Since it uses Euclidean distances in ambient space

Ω and not geodesic distances (which account for curvature of the

manifold) in mΩ as the metric, it results in bias due to the curvature

of the manifold. Nonetheless, the overall estimator, like standard

KDE, is consistent. Intuitively, as Berry and Sauer [2017] explain,
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Fig. 30. Timing comparison. For the scene in Fig. 12, we compare the deriv-
ative computation time of our method with finite di�erences for a di�erent
number of circles. Finite di�erences scales as $(=), ours as $(1), see di-
cussion in Appendix B.3.

set 83G_<8= to the index we retrieved from the branch index de-

tection. Now, during execution, when we encounter the branch for

which idx_min == i, we forcefully evaluate either the true or false

branch using the EVAL_TRUE_SIDE �ag, see L15-L16 in List. 7. This

allows for precise, side-speci�c evaluation at the boundary, without

relying on arbitrary epsilon o�sets as used in previous works [Li

et al. 2018, 2020].

B.3 Timing comparison with finite di�erences

Our method computes derivatives using reverse-mode autodiff

which scales as $(1) with the number of parameters being di�eren-

tiated, which is more e�cient than forward-mode autodiff (�nite

di�erences) which scales as $(=), we show an example in Fig. 30.
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